I. INTRODUCTION
Many industrial practices create large amounts of heat. Thermal control of the site, industrial instruments, and electrical components is vital to the industries running capacity and is managed with heat exchangers. For this reason, industrial needs have motivated a large number of studies of the underlying physics of nucleate pool boiling for their capacity to generate high heat transfer rates. These are intimately linked to the vapour bubbles, which form, grow, and depart at nucleation sites. In addition to evaporative cooling effects, fluid motions induced by bubble activity disrupt the thermal boundary layer in the vicinity of the bubbles causing enhanced mixing and improved heat transfer in these regions. 1 Many empirical and mechanism-based correlations have been developed in order to predict nucleate pool boiling heat transfer rates. [2] [3] [4] Since it is the bubble volume at detachment which dictates detachment frequency and influences the heat transfer rates, many detachment volume empirical correlations were developed by Refs. 5-8 and others. In these correlations, the varying parameter is a Bond number with the bubble spherical volume equivalent detachment radius as its characteristic length. In a comprehensive study comparing bubble detachment correlations with available data in the literature 9 concluded that an empirical correlation developed by Ref. 10 had the best fit with a standard deviation of 45.4%. An anomaly in these correlations is that the bubble is assumed to be spherical, implying an infinitesimally small point of contact with the heated element, while incorporating the Bond number, which implies that the surface tension plays a central role. Since the surface tension is a consequence of contact between the bubble and the heated element, the empirical correlations themselves suggest that the bubble shape is not spherical and has a significant contact with the bubble growth site, and that the nucleation cavity should be incorporated into bubble growth modeling.
In order to identify the Bond number as a parameter of the experimental conditions rather than the experimental results, in their bubble pinch-off study of adiabatic bubble growth, Ref. Bond number with characteristic length equal to the orifice radius rather than the bubble detachment radius. Similarly, Ref. 12 used this definition of the Bond number to successfully develop a bubble volume detachment correlation for needle injected adiabatic bubble formations. In the present study, the characteristic length of the Bond number is set to be the radius of the cavity from which the bubble is issuing in order to include cavity size in the bubble shape analysis.
The present day difficulties lie in the fact that the empirical correlations fall off rapidly in accuracy once outside the range in which they were developed and the numerical simulations have a very high computational expense. In order to ease the calculations, numerical treatments of the problem often assume the bubble to be a sphere 13, 14 or a truncated spherical segment, 15, 16 or use other simplifying assumptions depending on the aim of the particular investigation. For example, in Refs. 17-23, the numerically simulated bubbles are modeled to be very large compared with the actual nucleation site to ensure that the vapour temperature remains at system pressure saturation temperature during the growth cycle. However, ebullition frequency and detachment volume are observed to vary from one nucleation site to another on a uniformly heated surface (e.g., see Ref. 2) implying that the characteristics of a nucleation site -namely, its radius -are central to the thermal transport capacity of bubble growth from that site. These above mentioned shape assumptionswhile alleviating the computational expense -compromise the thermal transport predictions.
In an effort to better understand bubble shape behaviour, Ref. 24 validated the shape evolving numerical solutions to the interface pressure balance represented in the capillary equation to gas diffusion bubbles. In these experiments, bubble formation took place at an artificial nucleation cavity of radius 1.04 mm in saturated carbonated water. The numerical solution to the capillary equation was further benchmarked by Ref. 25 by comparing the resulting profiles with processed images of quasi-static air injection bubbles with an orifice of radius 0.259 mm.
In the present study, the physical mechanisms dictating bubble deviation from a spherical shape are investigated by quantifying the magnitude of the bubble's spherical tendencies as the bubble's degree of sphericity. To this end, a numerical treatment of the capillary equation is validated to vapour bubble growth for low Bond numbers. Furthermore, bubble shape evolution is investigated in terms of the Bond number in which the nucleation site radius is the characteristic length.
II. MATHEMATICAL MODEL

A. Young-Laplace equation
Bubble profiles are generated with a numerical treatment of the capillary equation yielding the bubble contour of an individual bubble during quasi-static growth. The capillary equation represents the pressure balance at a point along the bubble contour; this pressure balance is dictated in quasistatic bubble formations by the Young-Laplace equation.
In considering an infinitesimal interfacial segment on a curved surface to be expanding outwards -such as the interface of a growing bubble -the perpendicular segment lengths have associated principal radii of curvature R 1 and R 2 . Equating the work done by increasing the surface area relative to the surface tension σ with the interfacial pressure (often referred to as the capillary pressure), a work balance is established from which the pressure difference at a position z is isolated yielding the Young-Laplace equation (e.g., see Ref. 26) ,
in which P g and P l denote the gas and liquid pressures, respectively.
B. Capillary equation
In the present investigation, the viscous term of the Young-Laplace equation is not included due to the quasi-static assumption. The capillary equation is developed here with a similar approach as to Refs. 24 and 25 in which the origin of the coordinate system is situated at the bubble apex such that the z-axis is oriented downward as illustrated in Fig. 1 . By including the hydrostatic pressures, the left-hand side of Eq. (1) is expressed in terms of the vapour and liquid pressures at the apex origin such that
The symmetry of the problem implies that the principal radii of curvature are equal at the apex origin, noted R o = R 1 (0) = R 2 (0). From Eq. (1), the pressure difference at the origin is
Equations (2) and (3) reduce Eq. (1) to the following form of the capillary equation:
The capillary equation is normalized with the orifice radius b as the characteristic length, such that x * = x/b. This exposes the Bond number in the last term,
The Bond number is conveniently expressed in terms of the cavity radius b and the capillary
The capillary equation is deemed valid at any point on the contour of a bubble resulting from quasi-static bubble formation in a quiescent liquid. It is important to note that the last term on the right-hand side of Eq. (5) becomes less significant close to the apex origin. This results in a more spherical shape at the apex origin due to converging principal radii of curvature. Since the magnitude of this term depends on the Bond number, a relatively small Bond number implies a more spherical shape and a relatively large Bond number implies a more oblique bubble shape. Furthermore, this term becomes more significant near the base of the bubble causing it to deviate from spherical. In this way, Eq. (5) suggests that it is the ratio of the cavity radius to capillary length, which dictates bubble shape. As an illustrative example, a small cavity with working conditions generating a small capillary length (due to perhaps a strong gravitational field) will produce bubbles of similar shape to a relatively large cavity with working conditions generating a relatively large capillary length. 
C. Mode A bubble growth
For any liquid, gas, and substrate combination at equilibrium, a surface tension balance exists that is dependent on the liquid's affinity to the solid. This phenomenon is known as the wettability of the liquid for a substrate and is quantified by the Young contact angle. 2 In the case of vapour bubble growth issuing from an orifice, there are two modes of growth possible relative to the contact angle: Mode A and Mode B. 25 In Mode A, the Young contact angle (liquid side contact angle of a liquid droplet on a horizontal surface at equilibrium) remains inferior to the instantaneous contact angle throughout the growth of the bubble. This is attributed to the working conditions including the liquids affinity for the surface, the nucleation cavity, and the very localised heating source. The result is a vapour bubble emerging from the cavity with a decreasing contact angle as the bubble grows. The contact angle reaches a minimum that is still greater than the Young contact angle thus preventing the foot to expand and then increases until detachment. This effectively means that the triple contact line remains at the perimeter of the nucleation cavity. It is duly noted that, in the case of classical pool boiling applications, this mode is seldom observed.
Conversely, in Mode B, the liquid has a weak affinity for the surface and it yields to the gas bubble's expansion. In this mode, during the bubble growth cycle, the instantaneous contact angle equals the Young contact angle and the bubble foot expands to a radius greater than that of the orifice.
In the present study, Mode A bubble growth is considered. The bubble contact with the perimeter of the nucleation site provides a necessary boundary condition for the numerical treatment of the capillary equation. For this reason, the benchmark experiments use liquids and substrates in which the wettability is such that the bubble foot remains fixed to the orifice. It is duly noted that the capillary equation can be resolved numerically in Mode B as well. In Mode B, the Young contact angle provides the necessary boundary condition. 
Equation (7) solves for z as a function of x, which produces an error beyond a certain point along the contour since z is not a proper function of x. For this reason, Eq. (7) is also expressed as a function of z by noting that z (x) = 1/x (z) and
Equation (8) is solved numerically assuming that the bubble foot is fixed to the perimeter of the cavity from which the bubble is issuing. It is important to note that the limit of x(z) as z tends to zero does not exist and as such an error is produced at the apex origin when solving Eq. (8) . However, the apex origin provides a necessary boundary condition. Therefore, in order to generate a complete profile of the bubble, it is necessary to first solve Eq. (7) to a given point and then solve Eq. (8) for the remaining portion of the profile. The connection between the two equations in the procedure is explained in the following discussion. Equation (7) is solved using the boundary conditions z(0) = 0 and z (0) = 0 at the apex origin. The initial conditions of Eq. (7) require a bubble height, noted h and an arbitrarily chosen apex origin principle radius of curvature (R o ) that is of the order of the cavity radius. With this, Eq. (7) with the boundary conditions,
When solving Eq. (8), the same values of R o and h as those chosen for Eq. (7) are used generating a complete bubble contour from z = 0 to z = h.
Recalling that the value of the initial R o is chosen arbitrarily, the resultant bubble profile from the above described procedure is not necessarily in contact with the cavity perimeter. This is illustrated in Fig. 2 in which y = h − z. The numerical treatment therefore proceeds by iteration of R o values until the bubble interface is in contact with the perimeter of the cavity (Mode A bubble growth) satisfying the following equality:
E. Detachment
At any given moment during the bubble growth cycle prior to detachment, the bubble is considered to be at a height h which is less than or equal to the detachment height noted h d . This value of h provides a necessary input value for the numerical procedure. The value of h relative to h d identifies the growth progression of the bubble. In this way, the growth cycle of the bubble is a height scale rather than a time scale. The corresponding numerically generated bubble profiles have a minimum foot radius that is less than the cavity radius. This corresponds to a principal radius of curvature at the apex origin that is too small for the desired normalized foot radius of unity -required in Eq. (10) -and as such incremental increases in R o yield the profile for which the foot is in contact with the perimeter of the cavity. However, at a certain height, noted h d , the minimum bubble foot radius is equal to the cavity radius and no such length-steps are required. This profile -illustrated in Fig. 2 -is considered the detachment profile (e.g., see Ref. 25 ) since any bubble heights greater than h d will yield profiles with a minimum normalized foot radius greater than unity implying that the condition expressed in Eq. (10) cannot be satisfied.
The phenomenon observed in Fig. 2 can be attributed to the fact that the resulting force from the surface tension and adhesion forces manifest at the triple contact line is dependent on the perimeter of the foot of the bubble for Mode A bubble formations. The minimum foot radius corresponds to the minimum surface tension necessary to oppose the buoyancy force in order to keep the bubble from detaching. The detachment profile therefore corresponds to a bubble that is sufficiently shaped for its buoyancy to necessitate an opposing surface tension requiring a minimum perimeter equal to that of the cavity perimeter. However, this phenomenon is shape dependent in terms of the Bond number as highlighted in Eq. (5).
F. Limitations
In the present work, the capillary equation's applicability to bubble growth is limited to applications in which the right-hand side of Eq. (4) is greater than or equal to zero. This is due to the fact that a depth z on the profile producing a negative value would invert the Laplace pressure drop -σ (1/R 1 (z) + 1/R 2 (z)) -at that position. Indeed, this could be considered a detachment criterion since the Laplace pressure drop in having changed sign would then be assisting in detachment; however, such considerations are left to future investigations. This study is limited to Bond numbers in which the right-hand side of Eq. (4) is positive for all z values in which z ranges from 0 to h. Numerical simulations find this Bond number to be 0.9941 and as such the current investigation considers working conditions yielding Bond numbers that satisfy Bo b ≤ 0.9941.
III. EXPERIMENTAL SETUP
In order to validate the capillary equation to vapour bubble growth, an uncomplicated apparatus is built in which a single right angle needle tip provides the nucleation site for bubble growth. The system is designed to capture cross-sectional bubble images throughout the growth cycle. The needle is heated with an electric current inside a basin of pre-boiled distilled water. In an effort to favour bubble growth in which the triple contact line remains fixed to the perimeter of the nucleation site corresponding to Mode A bubble growth, BD Insyte Autoguard needles are used. These needles are made of BD Vialon TM biomaterial, which is known for its ultra-smooth microsurface in medical applications. Each needle is precision cut with a Sodick AQ300L electroerosion machine cutter ensuring that the needle tip is perpendicular to its staff. The opposite end of the needle is pinched shut to prevent flow through the needle. The interior and exterior diameters of the needles are measured using a Griffin linear microscope with a Mitoyo Absolute Model ID-C112E sliding gauge to an accuracy of ±0.002 mm. The needle tip providing the nucleation site is exposed to its surrounding, while the rest of the needle is wrapped in several layers of Heat-shrink tubing. An electric current heats the needle using a Nautilus Motomaster 10-3490-0 battery capable of 20 A. Electric current intensity is measured using a Metex M-3800 multimeter and is controlled using a carbon plate Sargent-welch 530785-10-5 rheostat. In order to favour quasi-static vapour bubble growth, the water temperature is maintained between 96.6
• C and 98.7
• C using four evenly spaced 10 resistors. Each resistor is heated with a direct 2 A current supplied by a Welch Scientific Company filtered power supply. The current to the resistors is interrupted during bubble image capturing in order to minimize natural convection flow. The water temperature is measured using an Omega RDXL45D digital thermometer. A Casio EXILIM HS EX-ZR100 high speed camera is used to capture the quasistatic bubble images. The experiments are repeated three times using three different needles with inner and outer diameters given in Table I . The needle orifice measurement uncertainty is calculated by adding the standard deviation of five measurements with the instrument uncertainty.
The needle is mounted onto an aluminum cylinder resting at the bottom of the basin. The experimental set-up is illustrated in Fig. 3 . In an effort to better visualize the shape evolution quantified in terms of the Bond number in Eq. (5), three bubble formation sequences depicting bubble growth for three different Bond numbers are illustrated in Fig. 4 . The images show bubbles transitioning from a truncated spherical shape to spherical with an elongation due to neck formation. They show a smaller Bond number with a more spherical bubble evolution than the larger Bond numbers. Also, it is observed that a bubble deviates from a spherical shape near detachment and that this deviation is more prominent for the larger Bond number applications. This suggests that a truncated spherical geometry elongated due to neck formation is more appropriate for bubble growth modeling then a spherical assumption. In the present study, this shape evolution phenomenon is investigated in terms of the Bond number with characteristic length equal to the orifice radius.
IV. VALIDATING THE NUMERICAL PROCEDURE
Vapour bubble profiles resulting from the numerical treatment of the capillary equation are validated to three test cases corresponding to the nucleation sites N1, N2, and N3. The working conditions are described in Table II 
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Lesage For the growth profiles presented in these figures, the height of the experimentally measured bubbles is used as the input value for their corresponding numerically generated profiles. For the detachment profiles, the numerical contours are generated using the treatment described in Sec. II E and do not require a height input value, since the detachment height can be numerically generated.
In an effort to validate this method, the numerically generated detachment profile is compared with the last captured image prior to the dynamic phenomenon known as bubble pinch-off. It is carefully noted that the bubble growth treatment in this document is quasi-static and for this reason bubble pinch-off and bubble detachment are considered simultaneous events. Indeed, the beginning of pinch-off is often equated with the moment of bubble detachment since the life of pinch-off compared with the growth cycle of the bubble makes deformation of the neck and detachment of the bubble nearly simultaneous events. 27 Experimental and numerical results illustrating that bubble pinch-off is a dynamic process and that it is only a fraction of the necking phenomenon are detailed in Refs. 28-32. As previously discussed, the bubble profile resulting from the numerical treatment of the capillary equation has been validated for gas diffusion and gas injection bubble formation scenarios by Refs. 24 and 25, respectively. The present investigation builds on these works by testing the ability of the capillary equation to accurately predict the bubble profiles of bubble growth due to vaporization. Figure 5 compares the bubble profiles resulting from the numerical treatment with the experimental results in which the ±3 pixel uncertainty in the measured profiles from the captured images is represented by the height and width of the data plot markers. The bubble profiles from the captured images of the 0.853 mm inner diameter nucleation cavity are measured and compared with the profiles generated by the numerical solution to the capillary equation. The results are illustrated in Fig. 6 .
From the larger nucleation site N2 relative to N1, the bubble is observed to be less spherical throughout its growth cycle. The largest orifice used for vapour bubble growth in this study is of inner diameter 1.185 mm. The bubble profiles from the captured images during bubble growth and at detachment are measured and compared with those of the numerical solution to the capillary equation and are illustrated in Fig. 7 below. 
V. RESULTS OF NUMERICAL ANALYSIS
A. Bubble shape
With the numerical treatment validated, the shape evolution of quasi-static vapour bubble growth is investigated. In particular, the shape of the numerically generated bubble profiles is shown to be dependent on the Bond number. To illustrate this, profiles are normalized by the cavity radius showing that the same Bond number generates bubble growth of the same shape yet not necessarily of the same size. This shows that the bubble is dependent on the Bond number for its shape and on the cavity radius for its size as suggested by Eq. (5). Figure 8 compares the numerically generated profiles for two bubbles with the same Bond number yet under different working conditions. One simulation is of a vapour bubble issuing from a cavity of 2.02 mm radius for working conditions yielding a capillary length of 0.00273 mm (e.g., water under terrestrial gravity conditions). The other simulation depicted in Fig. 8 is of a vapour bubble issuing from a cavity of 1 mm radius with working conditions yielding a capillary length of 0.00135 mm (e.g., water under a gravitational field strength of 40 m/s 2 ). Both of these scenarios yield a Bond number of 0.546 and as such generate bubbles of identical shape.
The similar shapes for the two different sized bubbles illustrated in Fig. 8 are attributed to the hydrostatic pressures of equal relative importance for each simulation applying pressure along the bubble profile which increases with depth. The importance is relative since -for example -the bubble that is larger due to the larger orifice has more depth yet a weakened gravitational field strength, and thus a similar deformation to that of the smaller bubble with a stronger gravitational field strength. Even still, the practical significance is that although the relative shape is the same, more energy would be required to form and detach the bubble of larger volume from the larger nucleation site.
B. Bubble deformation with respect to Bond number
The influence of the Bond number on the bubble shape can best be illustrated with a nondimensional comparison of bubble profiles for varying Bond numbers. To this end, the bubble profiles of the numerical solution to the capillary equation are normalised by the bubble height such thatx = x/ h for three different Bond numbers: 0.00137, 0.134, and 0.546. In Fig. 9 , the bubble contours of the three different Bond numbers are compared at three different moments in the growth cycle: the most hemispherical moment h = b, the moment in which the bubble height is half that of the detachment height h = 0.5h d , and the detachment frame h = h d . The results show that a relatively large Bond number generates bubble contours with an inward constraint thereby causing the bubble shape to deviate from a spherical shape and to elongate with neck formation near detachment. Conversely, a small Bond number favours a more spherical bubble shape throughout the growth cycle.
C. Bubble aspect ratio evolution
The commonly used Aspect Ratio (AR) of the numerically simulated bubble is investigated. The aspect ratio as defined by Refs. 33 and 34 is simply the ratio of the major axis length to the minor axis length, and is sometimes referred to as the bubble shape factor. 35 In Figure 10 , the bubble AR evolution, quantified in terms of bubble height normalized by its detachment height h + = h/h d , resulting from the numerically generated bubble profiles is illustrated for working conditions generating varying Bond numbers. The results show larger AR values near detachment for larger Bond numbers. For smaller Bond numbers, irrespective of bubble size, the bubble AR is closer to unity throughout the bubble growth cycle. Recalling that a perfect sphere has an AR of unity, the upward AR trends illustrated during early growth correspond to the bubble transitioning from hemispherical to spherical. During mid growth, an AR of unity is obtained corresponding to the most spherical shape attained during the bubble growth cycle. From this point onwards to detachment, the AR continues to increase for values greater than unity. This is attributed to bubble elongation due to the necking phenomenon. The deviation from an AR of unity during the bubble growth cycle is more prominent for larger Bond numbers and is independent of bubble volume.
D. Bubble degree of sphericity during bubble growth
A convenient way to quantify the spherical behaviour of a bubble, or conversely its level of deformation, is to evaluate its degree of sphericity. The bubble degree of sphericity, noted , is the ratio of the bubble's volume equivalent spherical area to the bubble's measured surface area,
in which V m is the bubble's measured volume and A m is the bubble's measured surface area including the bubble foot area projected onto the plane normal to the bubble's vertical axis. The measured volume and surface area are calculated from the numerically generated bubble contour using a conical frustum method. More precisely, since the bubble is symmetric about its vertical axis, a rotation about the central axis generates the volume of the bubble. Since the numerical procedure generates a series of contour coordinate points, the volume is calculated by solving for the following sum of conical volumes:
A similar conical frustum analysis generates the bubble area,
In Fig. 11 , the bubble degree of sphericity evolution resulting from the numerically generated bubble profiles is illustrated for working conditions generating varying Bond numbers. The results show similar trends for all Bond numbers tested. Generally, during early growth, a bubble's degree of sphericity increases towards unity. Recalling that the maximum attainable degree of sphericity is unity corresponding to a perfect sphere, this is attributed to a transitioning phase from hemispherical to spherical. During mid growth, a maximum sphericity is attained representing the bubble's most spherical shape followed by a sharp decrease attributed to neck formation causing the bubble to elongate and become more oblique. The deviations from a sphericity of unity during the mid and late stages of the bubble formation are more pronounced and occur earlier for larger Bond numbers. The shape evolution insight that the degree of sphericity analysis provides is that the maximum attainable degree of sphericity decreases with increasing Bond number.
E. Bubble degree of truncated sphericity
The results of the bubble degree of sphericity study of Sec. V D show that a spherical bubble shape assumption in bubble growth modeling can be erroneous. In light of this, as a starting point in the development of more appropriate bubble geometric modeling, the validity of a truncated spherical geometric bubble shape with a fixed base radius, as illustrated in Fig. 12 , is investigated.
To this end, the bubble degree of truncated sphericity, noted tr , is introduced. It is defined as a ratio of areas. The numerator of the area is of a truncated sphere of equal volume to that of the bubble. The denominator is the area measured from the bubbles profile. It is important to note that the areas include the base of the bubble in the plane normal to its central vertical axis. The bubble degree of sphericity is defined as
067103 As shown above, the surface area and volume of a truncated spherical segment of radius R atop a cavity of radius b are, respectively,
It is postulated that, by minimizing the available vapour-liquid surface area, the truncated spherical segment, with base fixed to the perimeter of the cavity from which the bubble emerges, is a more appropriate geometric assumption than a spherical assumption. The accuracy of this postulation is measured in terms of the degree of truncated sphericity in which unity is the validating criterion. Furthermore, the physical mechanism responsible for a deviation from a truncated sphericity of unity is investigated. It is carefully noted that any bubble elongation would yield a bubble degree of truncated sphericity that is less than unity and that any inward deformation from hemispherical would result in a bubble degree of truncated sphericity greater than unity. In Fig. 13 degree of truncated sphericity evolution resulting from the numerically generated bubble profiles is illustrated for working conditions generating varying Bond numbers.
The results show that during early growth the bubble degree of truncated sphericity is near unity for low Bond numbers. For the larger Bond numbers, the hemispherical shape is altered by inward compressions of the bubble outer walls yielding truncated sphericity degrees greater than unity. After attaining unity, during mid growth, the bubble degree of truncated sphericity begins to decrease attributed to bubble elongation due to neck formation. The deviation from a truncated sphericity of unity is shown to be more pronounced and to occur earlier in the growth cycle for larger Bond numbers. Generally, it is shown that in all bubble formations tested, the bubble's degree of truncated sphericity remains closer to unity than the bubble's degree of sphericity throughout the growth cycle. As an illustrative example of this, the profile of a Bo b = 0.648 bubble formation is considered. The volume is measured using Eq. (12) . Its volume equivalent truncated spherical radius is solved for using the inverse function of Eq. (16) noted V −1 tr . The profiles of the resultant volume equivalent truncated sphere and the volume equivalent sphere are compared to the numerically generated profile in Fig. 14 .
The significance of this result lies in the fact that the bubble shape predictions can be greatly improved by assuming it to be a growing truncated sphere rather than a growing sphere and that the corresponding size and shape characteristics can still be expressed in simple terms such as the bubble radius -given that the cavity radius is known. Therefore, such characteristics such as bubble detachment radius R d would correspond to a detachment volume equal to V tr (R d ).
F. Bubble deformation due to local stresses
The following pressure balance analysis investigates the hydrostatic pressure distribution and the capillary pressure distribution over a growing bubble. The capillary equation is numerically solved for different Bond numbers over various stages of the bubble growth cycle. Furthermore, in order to further understand the influence of local stresses on bubble shape, the principal radii of curvature resulting in changes in the pressure distribution are investigated. These are normalized by the radius of curvature at the bubble apex, noted R o , such that
It is important to recall that the capillary equation expressed in Eq. (4) is an interfacial balance of pressures at a depth z from the bubble apex. The left-hand side of Eq. (4) is often referred to as the Laplace pressure drop at depth z and is noted here as P L,z . The right-hand side of Eq. (4) is the difference between the Laplace pressure drop at the apex, noted P L,o , and the hydrostatic pressure at depth z, noted P hyd,z . The capillary equation can therefore be expressed as a balance of pressures at a depth z from the apex of the bubble such that
With depth, the hydrostatic pressure gains importance causing the Laplace pressure drop at position z to diverge from the Laplace pressure drop at the apex origin. The relative importance of the hydrostatic pressure is dependent on the Bond number, as can be seen by the normalized capillary equation expressed in Eq. (5) .
In this way, the local stresses acting on the bubble are evaluated and presented in Figs. 15-17. It is shown that the degree to which the hydrostatic pressure causes the Laplace pressure drop at a depth z to deviate from the Laplace pressure drop at the apex is dependent on the Bond number.
Before analysing the results, it is important to recall the physical significance of the principal radii of curvature illustrated in Fig. 1 . They represent the curvature in two planes perpendicular to the tangent plane of a given point on the contour. An important feature for bubble growth is that R −1 1 can at no point dissolve to zero since this would imply an infinite bubble width. Furthermore, a change inR Figure 15 illustrates the principal radii of curvature distribution as well as the pressure distribution over a bubble for working conditions yielding a Bond number of 0.00137. The bubble contour coordinate points are normalized by the bubble height such thatx = x/ h. Three different moments in the growth cycle are considered: the most hemispherical moment h = b, the moment in which the bubble height is half that of the detachment height h = 0.5h d , and the detachment frame h = h d . Figure 16 illustrates the evolution of the pressure distribution over a bubble for working conditions yielding a Bond number of 0.134. It is important to note that for this larger Bond number, the hydrostatic pressure plays a more influential role and as such, bubble deformation from spherical is more significant. Another important feature is that the absolute maximum values ofR
are not located at the foot of the bubble in the detachment frame. Since these values locate the most inward pinching, their locations along the neck of the bubble imply significant deformation from spherical. Figure 17 illustrates the evolution of the pressure distribution over a bubble for working conditions yielding a Bond number of 0.546. Once again, in the analysis of this evolution, it is important to note the role of the hydrostatic pressure. In particular, the hydrostatic pressure is more dominant than the Laplace pressure drop term at some depth z for the majority of the bubble growth cycle. As a result, the neck formation is significant in the bubble shape evolution.
The results show that a low Bond number favours a spherical bubble shape throughout the growth cycle. This is demonstrated in Fig. 15 by the two principle radii of curvature being equal to each other over the majority of the bubble contour and the absolute maximums ofR 1 being located at the bubble foot implying little deformation due to inward pinching. By contrast, the larger Bond number simulation yields principal radii of curvature that are only equal near the bubble apex implying a less spherical bubble throughout the growth cycle. Furthermore, the maximum value of R −1 1 occurs along the neck of the bubble implying that larger Bond numbers favour deformation in the way of inward pinching relative to the central axis. This is attributed to the observation that, for larger Bond numbers, the hydrostatic pressure at some point during the bubble's evolution dominates the Laplace pressure drop at a depth z in the lower section of the bubble causing deformation from spherical. This phenomenon was not observed for the lower Bond bubble formation.
The results of the local stresses analysis correspond well with the observed trends of deviation from a truncated sphericity of unity while providing insight into the mechanism that is responsible for bubble deformation. For example, the slope ofR −1 2 with respect to y is positive for the entire bubble profile until the hydrostatic pressure becomes dominant at the time when slope ofR −1 2 becomes negative corresponding to an inward pinching. Prior to this occurrence in the growth cycle, the bubble appears to remain a spherical portion with straightening outer walls near the bubble foot. It is therefore postulated here that, prior to the hydrostatic pressure dominating the Laplace pressure drop at some depth z, a reasonable bubble shape approximation that would simplify any analytical attempts to solving the bubble growth problem would be to assume the bubble to be a truncated spherical portion rising due to a cylindrical neck at its base. This crucial location in bubble shape transformation in which the hydrostatic pressure becomes dominant can be identified by considering the hydrostatic pressure to be greater than or equal to the Laplace pressure drop at depth z resulting in
This result is significant as it illustrates the dependence of bubble shape on the Bond number. Notably, for very small Bond numbers, the product on the left-hand side must be very large to satisfy the inequality making bubble deformation due to hydrostatic pressure dominance less likely away from the bubble foot. When analysing the above inequality, it is useful to consider its significance at the foot of the bubble (z = h). This is due to the fact that, during the growth of the bubble, the hydrostatic pressure first surpasses the Laplace pressure drop at the foot of the bubble. For this reason, the smallest Bond number for which bubble deformation due to a dominant hydrostatic pressure term occurs is solved by equating the inequality of Eq. (19) and evaluating it at the bubble foot yielding
When including Eq. (20) into the numerical treatment of the capillary equation for a detaching bubble, the capillary equation solution procedure provides one possible Bond number: 0.06032. Therefore, for Bond numbers strictly less than 0.06032, bubble deformation due to a dominant hydrostatic pressure term does not occur at any moment during the bubble growth cycle. For bubble growth in which the Bond number is larger than 0.06032, bubble deformation due to a dominant hydrostatic pressure term will occur.
VI. CONCLUSION
A numerical treatment of the capillary equation is validated with measured profiles from quasistatic vapour bubble growth experiments. Due to a limited applicability of the hydrostatic pressure term, the solution procedure is deemed valid for bubble growth applications in which the Bond number with characteristic length equal to the bubble foot radius is less than or equal to 0.9941.
This study demonstrates that a fixed base truncated spherical geometry rather than perfectly spherical more accurately describes bubble shape during bubble growth and that bubble shape evolution is strictly dependent on the Bond number. To summarize, bubbles of very different sizes with the same Bond number are shown to have the same shape profile.
The relationship between the Bond number and bubble shape may be explained by considering a relatively large Bond number implying a capillary length that is small relative to the cavity radius. This implies that the hydrostatic pressure has relative importance over the Laplace pressure drop at some depth from the bubble apex during its evolution. A hydrostatic pressure that dominates a Laplace pressure drop at a depth from the apex implies an inward pinching on the walls causing the bubble to deform from its truncated spherical minimum free energy shape.
Furthermore, it is shown that for Bond numbers less than or equal to 0.06032, the hydrostatic pressure does not dominate the Laplace pressure drop at any depth during the entire bubble growth cycle and consequently the bubble behaves as an approximate truncated sphere rising due to the elongation of a cylindrical neck. Future work will incorporate this into simplified analytical models for both diabatic and adiabatic bubble growths.
